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Abstract. We apply the Haar function system to estimate the star-discrepancy of special digital
(t,m, s)-nets in dimension s = 2. We use a basic technique based on discretization combined with an
exact calculation of the discrete star-discrepancy.

2000 Mathematics Subject Classification: 11K06, 11K38, 42C10, 42C40
Key words: Haar functions, uniform distribution modulo one, discrepancy, Hammersley point set,
(t,m, s)-nets

1. Introduction

In the present paper we show how to estimate the star-discrepancy of special
digital (z,m,s)-nets using Haar functions. We apply the technique used by
Hellekalek [5, 6, 7], who proved the inequality of Erdos-Turan-Koksma for Walsh-
and Haar function systems.

A direct application of the latter inequality, which provides an upper bound for
the discrepancy of a point set in the s-dimensional unit cube in terms of Weyl
sums, yields, for arbitrary (¢, m, s)-nets, no improvements of existing estimates of
Niederreiter [16], which are due to weak upper bounds of the Weyl sums in
general, see [2].

The power of our approach becomes apparent for special construction methods
called digital nets. We applied the Haar function technique to estimate the star-
discrepancy of special digital (#,m,s)-nets in dimension s =2 which can be
derived from the classical Hammersley point set by digit truncation. With this, we
obtain a class of plane nets with steadily decreasing equidistribution property, from
“optimal” (0, m,2)-nets to the classical uniform lattice.

Our strategy provides a method for the exact calculation of the discrete star-
discrepancy for such nets, and therefore yields best possible estimates and
sometimes exact results of the star-discrepancy.

For further applications of Haar functions in (quasi) Monte Carlo methods and
for related topics, see [2, 3, 8, 9, 12, 19].

* Research supported by the Austrian Science Fund (FWF), projects P12441-MAT and P12654-
MAT and by the Austrian National Bank, project no. 7576
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2. Basic Notations

Definition 2.1. Let P = (Xn)fy:_ol be a point set in [0, 1[*. The star-discrepancy
Dy (2) of 2 is defined as

1
Dy(2) := sup |—-#{n : x, €J,0<n<N} — \(J)|, (1)
Je s

where #* denotes the class of all subintervals J of [0,1[° of the form
J=T[_0,u],0 <u; <1,1 <i<s, {4 denotes the number of elements of a
set ./ and ), the Lebesgue measure on [0, 1[*. Defining f;(x) := 1,(x) — A\s(J),
x € [0, 1], with the characteristic function 1;, yields

N—1
D) = sup Su(f,2)| where Su(f1,2) =2 fils). ()
ses* n=0

Consider integers M and a;, 1 <i <'s, where 0 < g; <M and M > 0. Using the
smaller class ¢}, of all finite precision intervals G = [[;_,[0,a;/M], in (1) and (2),
yields the concept of discrete star-discrepancy E;?M (Z) == sup,,_ S ISv(fG, )|,
which provides an obvious equidistribution measure for suitable finite precision
point sets.

Note that the local discrepancy Sy(fi, ) equals the Monte-Carlo approxima-
tion of f[O.l s f1 d 5. We will use the notation Sy (g, 2) for an arbitrary function g on
[0,1[" as well. For orthogonal function systems % := {xx} the expression
Sn(xk, ?) is called Weyl sum.

For the discrepancy estimates we use the Haar function system in base b = 2.
The definitions and basic properties of Haar functions relative to an arbitrary
integer base b>2 are given in [6, 7]. We briefly recall the basic notations which
will be used in the following sections.

For an integer k > 0 and an arbitrary number x € [0, 1], let k = >_* k;b/ and
x =3 oxb 1 ki, x; € {0,1,...,b — 1}, x; # b — 1 for infintely many j, be the
unique b-adic expansions of k and x in base b. For g € N we define k(g) :=
>80 kb and x(g) = 3¢ xb 7!, Further let k(0) := 0 and x(0) := 0. The
support of a given Haar function A, k = 0, is equal to an elementary b-adic
interval. We now define sets of integers k, for which such intervals have the same
length (resolution).

Definition 2.2. (1) Let g be a nonnegative integer. Then A(g) :=
{k € N: b8 < k<b$*t'}. Further, let A(—1):={0}, and the sets Np:=
N U {0}, and Ny = No U {—1}.

) Ifg=(g1,.--,8s), s =2 and g; € Ny, then A(g) :=[]_; A(g)-

Definition 2.3. Let e, : Z, — K, where Z;, = {0, ..., b — 1} is the least residue
system modulo b, and K:={z€C:|z] =1}, denote the function
ep(a) := exp(2mif), (a € Zy). The k-th Haar function /iy, k>0, to the
base b is defined as follows: If k=0 (g = —1), then hy(x) :=1Vx € [0,1].
If k€A(g), g=0, then h(x):=bi-ey(a-ky) for x€[(bk(g)+a)/bs,
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(bk(g)+a+ 1)/b5"[ and hy(x) := 0 otherwise. The k-th normalized Haar function
Hy on [0, 1] is defined as Hy := ho and, if k € A(g),g = 0, then Hy := b3 - hy.

Hence, the support Dy of the k-th Haar function A is given as the following
elementary b-adic interval : If k = 0, then Dy := [0, 1[. If k € A(g), g = 0, then
Dy = [a/b, (a+1)/b%],a = Kk(g)-

Definition 2.4. Let A}, := {hg :k:= (ki,...,k;) € Nj} denote the Haar
function system to the base b on the s-dimensional torus [0, 1[°, s > 1. The k-th
Haar function hy is defined as hy(x) := [[._, i, (x:), x = (x1,...,x;) € [0, 1.
The normalized version Hy is defined in the same way and the supports of Ay and
Hy are given by the elementary b-adic intervals Dy := []}_; Dy,.

Sobol’ [19] introduced the concept of (¢, m, s)-nets in base 2, closely coherent
with an application of classical Haar functions in the theory of quasi-Monte Carlo
methods. The main contributions concerning development and analysis of such
nets are due to Niederreiter. He has introduced arbitrary bases, efficient
construction methods for such point sets and a comprehensive theory [13, 14,
16, 18].

Definition 2.5. Let 0 < t < m and b > 2 be integers. A (¢, m, s)-net in base b is
a point set 2 consisting of 4™ points in [0, 1[* such that every elementary interval [
in base » with volume \;(/) = b~ contains exactly o' points of 2.

Digital nets provide efficient construction methods of (¢, m, s)-nets. They are
defined in the following way.

Definition 2.6. Let b > 2 be a given base. For 1 <i <, let C) be m x m
matrices over Z,. In the following every integer n with 0 <n<b™ and
digit expansion Zlmz_ol nb', n; €7, , is identified with the vector 7 =
(ng,...,nm_1) €Z’, and each x¢ [0,1] with finite digit expansion
x= Z;":_Ol x;/b™, x; € Zy, is identified with X = (xo,...,%,_1) € Z}'. Consider
¥ = .7 for0 < n<b"and 1 < i< s. Then we obtain the following point set
20,1

P={x, %, = (W, ... x9), 0<n<b"} (3)

These point sets were defined in [10, 11] (in a more general form). The general
construction principle was introduced by Niederreiter (see [14, 15, 16, 18]).

Conditions [14, Section 6] were given for 2 to be a (¢, m, s)-net in base b. For
example, if b is prime and ¢}, ...,c" are the row vectors of C, then 2 is a
(t,m, s)-net in base b if and only if for all g;,...,g, € No with gy +--- + g, =
m — t, the set of vectors {cj(»’) 1 <j< g, 1 <i<s}isassumed to be linearly
independent over Z,. Concrete examples of digital (¢,m, s)-nets can be found in
[9, 11, 14].

3. Examples of Plane Digital Nets

The conditions above yield the following simple (z,m,2)-nets #,, defined by
the matrices
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T000---000---001 T 7100---000---000 7
000---000---010 010- - - 000 - - - 000
000---000 - - - 100 001 ---000 - - - 000

¢ := | 000---001---000 c® :={000---100---000
000---010 - - 000 000---010 - - - 000
000 - - - 000 - - - 000 000 - - - 000 - - - 000
: : : }t : : : }t
| 000 --000 - - - 000 | 000 - --000 - - - 000

The net 2y := {x, = (0.ny—1...n0,0.n9...1p—1) : 0 <n<b"} is called the
Hammersley point set in base b which is well-known in the theory of uniform
distribution of sequences modulo one [16]. The calculation of the exact
discrepancy of &, in base b = 2 is carried out in [4], and for arbitrary bases in
[1]. If we truncate ¢ bits of each coordinate of the Hammersley point set, we obtain
2, t = 1. Note that for even m and t = m/2 the uniform lattice with 2™ points in
[0, 1] is obtained. Hence 2, for increasing 7,0 < ¢ < m/2, provide examples of
point sets with steadily decreasing equidistribution property, from ‘“‘optimal”
(0,m,2)-nets to the classical uniform lattice.

In the following let b =2,m>2,0 << [m/2| and M =27,y € N. Larger
values of ¢ lead to a duphcatlon of points. In other words, different values of n lead
to the same point.

3.1. Discrepancy Estimation of #,. We follow a basic technique [7, 16] to
estimate the discrepancy of 2, and, as a first step, approximate J € # by an inner
interval G and an outer interval G, in [0, 1[* where these intervals have the form
G :=[[_,[0,a;/M[,0 < a; <M. The approximation may be realized in the
following way: Let J := [[_,[0, [, G :=[]}_;[0, v;[ and Gy := []._,[0, w;[. If
u =a;/M,0 < a; <M, we set v; = w; = u;, otherwise let v; :== u;(~y) and w; :=
u;(y) + 1/M. Hence we get

ISn(f5, 20| < (As(G2) — A(Gh)) + max{|Sy(f6,, Z0)|, ISv(fo, Z0) |} (4)
Using [16, Lemma 3.9] to estimate the discretization error (A;(G2) — A;(Gy)) yields
1 N
DH(2) <1 — (1 —M> +Ej v (2). (5)
From [7, Lemma 3.3] it follows that the Haar series of the function f; is finite
and, therefore,

fGa '71‘ Z 1G SN hka '71‘) (6)
keA:
with Haar coefficients IG = J"O]YIG hd) and A* ={k = (ki,... k)

€Z:0< k<M, O<l<s}\{0}

The definition of (z,m, s)-nets easily yields Sy(Hyx, %) = 0 for all k € A(g),
g € N7\ (—=1,—1) with Z?zl(gi + 1) < m—1t. The latter property and the fact
that all points of 2, have common denominator 2" motivate a discretization with
M:=2",vy=m—t.
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Now, let G := [0, «[x[0, 3] with &« =a/M and f=b/M,1 <a,b<M. We
partition sum (6) into parts with different resolution. From the Weyl sum property
above it follows that we only have to consider resolution vectors g = (g1, g2) with
0<g,g2<7vandy—1<g + g <2(y—1). Hence for the calculation of the
discrete discrepancy Ey m(Z1), N = 2", we must analyze

w(fo, 21) = Z 22 N 15(k) - Sy(Hy, 7). (7)
£1:£2=0 keA(g)
g1t+g =71

3.2. Haar Coefficients and Weyl Sums. Let k := (k,/) € A(g). Hellekalek
[/6\, Lemmi\l] proliges the following information on the Haar coefficients
lG(k) = 1[0_’(1[(]() . 1[()7“3[(1). Let k € A(g) For I .= [0, (5[, 6= 0.60(51 e (5m,,,1
and d(6,g) := (6 — 6(g + 1)) it follows that

22 d(é,g) : k(g) = 0g-1 + (5g,22 + 4 6028_1,
~ 5g =0
L(k) = 2i(skr —d(6,8)) : k(g) =81+ 822+ + 62571, (8)
0, =1
0 . otherwise

For the calculation of the Weyl sums we distinguish between two cases:

(@) Let g1 +g=m—t+j, j€{-1,0,...,t—1}. This is attained by
gref{j+l,...om—t—1} and go=m—t+j—g;. A point x,:= (x,y) is
contained in the support Dy for k := (k,[) € A(g), if and only if

M1 = kg 150 sm—g, = ko, 1o =1lg1,... ;Mg 1j—1—1 =lo,
and the 7y, _11jg,, - - -, im—g,—1 are arbitrary within 7i. Thus Dy contains exactly 207

points X, with x, = 1,,_g,_1 and y,, = 1y_g, js.
If j =t — 1 then x,, = y,, and therefore
Sy(Hy,2,) = 1/2"! forall ke A(g). 9)
Letj <t —2. Because of m — gy — 1 ##m — g — t +j we obtain Sy(Hg, %;) =0
for all k € A(g).

(b) Let gi+g=m+j, 0<j<m—2t—1, more precisely g€
{t+j+1,...om—1t—1} and g = m+j — g;. Similarly as in case (a) we have
X, 1= (x,y) € D, k € A(g), if and only if (here we already use the relevant
vectors k obtained from property (8))

Np—1 = Q0,5 -+ -, Mgy = Qg -1, No = 607 s Mg j—1 = /65’2*1?

but now, all digits of 7 are fixed. If oy, 1 # Bg,—j OF g, —2 # Be,—j41 OF ... OF
O, —j 7# B,—1 then Dy is empty, otherwise Dy contains exactly one point x, € 2,

with X, = Mg, —1 = Bg,—j—1 and yg, = Ny_g,+j = 0, —j—1. Hence for j =0 we
obtain
27 g = f
Sn(Hx, 71) = § =27 ¢ g1 7 Bg,i (10)

0 : otherwise,
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and forj > 1,

2 Qg1 = /882*13 ceey Qg —j = 582*17
Qg —j—1 = 55’2—/—]
Sn(Hy, 21) = q —27" ¢+ g1 = By Qg = By, (11)
Qg —j—1 7& 682*]*1
0 :  otherwise.

3.3. The Discrete Discrepancy of #,. Motivated by the cases above, we have
to concentrate our consideration to

m—t—1
v(fo, 2) = Y 2D Z 16(K) - Sy (Hx, 71) (12)
glilsfz—ml 1 A(g)
m—t—1
+ > 2" " 1g(k) - Sy(Hy, 7, (13)
W keA®

m—2t—2 m—t—1

+ 303 292 ST TG(k) - Sy(Hi 7). (14)

=1 g1.82=t+j+1 keA
=1 s (2)

Halton and Zaremba [4] derived the exact discrepancy for £,. The intervals
Ji == [0,a*[x[0, 3*[ and J> := [0, a™**[x[0, 3**[ where the supremum in (1) is
attained, are given by

om _ (1 m ‘211172 -1 m
o = (—1) and a**—s +(—1)

3.m-l B 3.m-1 ’ (15)
where 3* and 3** are equal to o™ and o™*, respectively in that order when m is
even, and in the reversed order when m is odd. These intervals obviously will play
a central role in our strategy below.

The discrepancy estimation of £, needs to distinguish between several cases
(similar as for 2y in [1, 4]). We will give a detailed derivation only for even m,
where additionally, m — 2t — 6 equals a multiple of four (for the reason of the latter
restriction, see below). The remaining cases can be done in almost the same way.

Since we know the “maximal” intervals for the discrepancy of 2y, we can
derive the corresponding intervals for the discrete discrepancy of 2y. We slightly
change the discretization step (4) for #; and use the inner interval Gy := J; and
outer interval G, :=[0,a/[x[0,3] with o/ =3 =a* +1/2"=(2-2"+1)/
(3-2™)=0.10101...0101011. It follows that the discrete dlscrepancy for 2,
equals |SN(fG27 ‘@t”

The magnitude of the sums in (12,13,14) depend only on the Haar coefficients
(8) and therefore on the binary expansion of o/ and 3’ (the Weyl sums are constant
for each of the single sums, compare the cases I-III for = 0 below).

Hence, if we change to 2, t > 1, the expression (12,13,14) will attain the
maximum for o and 3 with the following sequences of digits

(al7al+l7" y Clm—1—25 Ol — 1) :(1 07170717'-'7071707171)
<ﬁf7ﬁt+17"'aﬁm t— 2,/6}% —t— 1) (1 0,1,0,1,...,0,1,0,1,1).
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The remaining digits ag,...,a:1,00,-.-,01, can be chosen arbitrarily.
Therefore the maximum intervals for the discrete star-discrepancy for P, in general
are G, := [0, a[x[0, 8] with

¢ 2. 2m72t + 1 d)/ 2. 2m72t + 1 , .
-2 ; =—4+-_— _ 0<9, 2. 16
a=st—Z o Bt 3o ¢, ¢'< (16)
Note that the marginal points of corresponding inner intervals G; equal o — 1,/2"~*
and 5 —1/2"".

From these intervals (i.e. from the binary sequences above) we can derive the
exact values of the Haar coefficients. Suggested by (12,13,14) we distinguish
between three cases:

Case I: Let G= G, and k € A(g) with g; +gop=m—land gy =1+ 2i+ 1,
0 <2i < (m—2t—6)/2. From (8) we know that there is only one k € A(g) with
15(k) # 0, and such a k depends on the binary representation of « and /3. From the
binary sequences above it follows that

—~ 1 1 1 1
1g(k) = 20"=D/2. ( + +o + —>

Ni2i+3 T Qr42i+5 om—1—1 " ym—t
1 1 1 1 1
" |omrr=2i-1 — \ pm—r=2it1 + ym—1-2i+3 +o Tt ym—i—1 + ym—t

and therefore

P m— 1 1 m—2t—2i— i

lo(k) = 2002 g o (2 1) (2272 1), (17)
The same strategy for g; =+ 2i +2,0 < 2i < (m — 2t — 6)/2, yields

1 m— 1 1 m—2t—2i— I

1(k) = 2 M@'W' (2m-H=H=2 ). (283 ), (18)

for only one k € A(g). Furthermore we have Sy(Hg,?;) = 1/2""! for all
k € A(g) and therefore

) 1 (m—21—6)/4 om=2t siin om=2t 243
1= 3 (1)@ -0+ (G 1)@ 4
2(2n172t _ 1)
3. 22(m~1)

2 m=2t 1 m—-2t 4 1 4 1
T9 T2n 9 P 27 27 P

Case II: Let k € A(g) with g; + g» = m. If we proceed in a similar way as in
the upper case and distinguish between g, =t+2i+2 and g, =t+2i+ 3,

0 < 2i < (m—2t—6)/2, then, with Sy (Hg, #;) =1/2™, for the relevant k, we obtain

2 1 (m=21-6)/4 om=2t ] om=2t )
(13) _ Z < 1) (221+2 _ 1) + < + 1> (221+3 + 1)
i=0

~ 902(m—1) 22i+2 22i+3

2(2m—2t—1 4 1) (2(m—2t)/2 4 1)2
+ 3.02m—1) 9. 2(m-1)
I m=2r 1 m—=2t 1 1 1 1

9 om + 5 ’ 22(m—t) o E ’ 2_m + ﬁ ’ 22(m—t) !
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Case III: Let k € A(g) with g1 + g =m+j, 1 <j<m—2t—2. From (11)
we deduce that Sy (Hg, %?;) = 0 for all j and therefore (14) = 0.
The cases I, II and III yield the value for discrete discrepancy for even m:

. Il m—2t 1 1 1 1
EN,M<?t):§'2—m+§'ﬁ_§'22(m ) (19)

3.4. Final Result and Conclusions. If we carry out almost the same
calculations for the remaining cases (m odd, and some other cases for even m) we
obtain the following final result:

Proposition 3.1. For 2,, 0 <t < |m/2|, the digital (t,m,2)-nets in base
b = 2, defined at the beginning of Section 3, we get (N = 2", M =2"""):
Lm—2t 1 1 (=" 1

3 om g om 9  22m-1)’

E]T/,M(gt) =

and therefore

2
Dy(2) < 1— (1 2»},) +Ej i (2)).

Remark 3.1. (i) Let again m be even. If we use the intervals (16) where the
maximum in (4) occurs and calculate the discretization error (A\(G2) — A(Gy)) =
(3. 2mHil _pmtl 221y /(3.22") then we obtain
1 m—2t 5 1 2 4 1
3T 9 o g P

(i) From [4] we know that for r = O the latter expression equals the exact
discrepancy of 2. Further, from [16, Thm. 3.14], we deduce that D*( n/2) =
1-(1- ﬁ) which equals expression (20) for ¢ = m/2. Hence our estimates of
the star-discrepancy are best possible.

(iii) With increasing quality parameter ¢, a remarkable interaction between the
discretization error above and the discrete star-discrepancy occurs. Whereas for
t = 0 both values have almost the same magnitude, for increasing parameter ¢ the
value of the discrete star-discrepancy vanishes and the discretization error
increases until it attains the exact value of the star-discrepancy.

(iv) Consider the point set #,. There are two different intervals where the
supremum in (1) occurs. In our case we obviously get the same number of
“maximal” intervals defined by o’ and o’ =1 — «’. For 2;, 0 <t < m/2 there
are 2'*! such intervals.

DY (2) =

(20)

4. Summary and Outlook

Our examples show that Haar functions can be applied effectively to calculate
the discrete star-discrepancy of simple digital (¢,m,s)-nets. The corresponding
arithmetic is elementary, but rather lengthy, and similarly to former discrepancy
calculations of related point sets [1, 4], needs to distinguish between several cases.

The previous knowledge of the intervals, where the discrepancy of 2 is
attained [4], provides additional simplification in our case. Without this
information one has to find the maximum of expression (7), which is an additional
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effort. Nevertheless, the Haar representation of local discrepancy (7) of such nets
enables additional information for a possible classification of related digital
(t,m,2)-nets with respect to discrepancy.

As an example, consider a different point set 9’; defined with the same matrix
C" and a slightly modified C?, where only the first column is changed to
(1,1,...,1, l)T. For 2, if we proceed in the same way as in Subsection 3.2,
slightly different Weyl sums are obtained. Consider the same cases as in
Subsection 3.2, then in case (a), for j =t — 1, we get

27D g =0
SN(Hk’gt) - { _2—(111—1) /80 — 17 (21>
and Sy(Hyx, Z,) =0 for j <t — 2. In case (b) and j = 0, we get
2=m D g1 = Bg—1 — o
SN(ka@;) =4q¢ =27" Qg —1 # ng—l — Bo
0 : otherwise,
and forj > 1,
27" L Qg1 = ﬁgz—j — Bo, . .. y Qg —j = 6g2—1 — Do,
Qg —j-1 = Bor—j-1 = o
SN(HkV@;) = =27" Qg1 = ﬂgzii _507"'7ag17j :ﬂggfl _ﬂ07
g, —j—1 # Bgr—j—1 — Po

0 : otherwise.

The change of matrix C () obviously reflects in the variance of the Weyl sums
(changing the first column of C®) implies an additional dependence of the first bit
of 6 in SN<Hk, ,@;))

For the ease of further explanation let m be even and ¢ = 0. Using G = [0, o [%,
a’=1-a =0.01010...0101, in the calculation of Sy(fs, %), in exactly the
same way as in Subsection 3.3, yields
Il m 1 1 1 1
329w o (22)
For G = [0,/[’, @ =0.1010...101011, a smaller value of local discrepancy
Sn(fc,?,) is obtained, since the first bit of o equals oy = 1.

Expression (22) shows that the change of matrix C?) was not powerful enough
to get an improvement of discrepancy. The Weyl sums for 2, remained almost the
same as for 2, except of an remarkable variance in case (a) (compare equations (9)
and (21)).

Consider the class of (0,m, 2)-nets 2 with the same matrix C!) as for 2, and
matrix C?) where the lower left triangle of C?) is arbitrarily arranged with zeros
and ones. For such nets 2, the Weyl sums behave almost the same as for 2
above, only the expressions [3; — 3y change to somewhat larger expressions
dependent on the digits of 3 and the entries of matrix C?).

A closer look at (12,13,14) indicates that £, and also ,4/6, attain the largest

possible (discrete) discrepancy of all point sets 2, since the Weyl sums achieve

Ej v (2)) =
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their maximal positive values, constant in each single sum in (12,13,14), and the
Haar coefficients are also positive and globally maximal for the above intervals G.

Finally we want to ask: Is there a net 2 with lower discrepancy as 2, and if

(presumably) yes, which nets 2 have smallest discrepancy? In other words: How
dense has the matrix C® to be filled up with ones to get a net with optimal
distribution. Note that an arbitrary digital (0,m,2)-net can always be expressed
with matrix C(") and a transformed matrix C(%.
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