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We present a spectral test analysis of full�period subsequences with small step sizes generated
by well�known linear congruential pseudorandom number generators� Subsequences may occur in
certain simulation problems or as a method to get parallel streams of pseudorandom numbers�
Applying the spectral test� it is possible to �nd bad subsequences with small step sizes for almost
all linear pseudorandom number generators currently in use�
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�� INTRODUCTION

Linear congruential generators �LCGs� are the best analyzed and most widely used
pseudorandom number generators �PRNGs�� We will denote this PRNG with un�
derlying recursion yn�� � ayn � b �mod m� and seed y� by LCG�m� a� b� y���
a� b� y� � Zm� LCGs allow an easy �number�� theoretical analysis based on the
lattice structure formed by s�dimensional vectors x�s�

n
� �xn� � � � � xn�s���� n � 	�

generated from the periodic sequence x � �xn�n��� xn � yn�m� The quality of
LCGs heavily depends on the coarseness of the lattice �e�g� see 
Knuth ������
In order to �nd �optimal� parameters for LCGs� several �gures of merit for the

lattice structure have been proposed� The most popular measure is the spectral
test which gives the maximal distance ds between adjacent parallel hyperplanes� the
maximum being taken over all families of parallel hyperplanes that cover all vectors
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x
�s�
n

�see 
Coveyou and MacPherson ����� Knuth ���� L�Ecuyer ��� Fishman
������� Several LCGs have been proposed due to their good spectral test results in
di�erent dimensions� To compare spectral test results among dimensions Fishman
and Moore 
���� introduced a normalized spectral test Ss �� d�

s
�ds� for which

	 � Ss � �� The constants d�
s
are absolute lower bounds on ds for s �  
Knuth

���� p� �	��� With this� Fishman and Moore made an exhaustive search for LCGs
whose normalized spectral tests in dimensions � to � exceed 	�� Lower bounds
d�s for dimensions s �  are given in 
L�Ecuyer ����� However� simulations of
A�erbach and Gruber 
����� show that the number of LCGs with normalized
spectral test values exceeding 	� �or for example falling below 	��� compare Section
�� decreases very rapidly with the dimension�
Another aspect should be discussed as well� why do people analyze merely the

lattice of overlapping vectors x�s�
n
� in order to get �good� LCGs� More general

vectors might be considered� for example�

x
�s�

kn�i �� �xkn�i� xk�n����i� � � � � xk�n�s����i�� k � �� 	 � i � k � � �

The examination of the structures of these vectors leads to a correlation analysis
of subsequences

�xkn�i�n��� k � �� 	 � i � k � �� ���

of the sequence x� Subsequences may occur in simulations or when parallel streams
of PRNs are obtained by splitting �see 
Anderson ���	���
Section � of this paper presents bad �in terms of the spectral test� full�period

subsequences with small step sizes for many LCGs that were proposed in scienti�c
papers and that have extensively been used in simulation�
From our results we conjecture that for almost all linear pseudorandom number

generators currently in use� bad subsequences with small step sizes occur� It is
necessary to draw attention to this property of linear methods� Even for top gen�
erators from earlier tables containing parameters for LCGs we found subsequences
with lattice structures that are even worse than those of RANDU�
Our spectral tests have been calculated using the dual lattice approach 
Dieter

����� and a Mathematica implementation of the Fincke�Pohst algorithm for �nding
the shortest vector in a lattice by Wilberd van der Kallen��
Related correlation analysis for large step sizes �long range correlations� for LCGs

have been made by 
De Matteis and Pagnutti ����� De Matteis and Pagnutti ������
Recently� L�Ecuyer 
����� studied bad lattice structures for special vectors of non�
successive values produced by some linear recurrences� An e�cient algorithm of
the spectral test which facilitates the analysis of lattices generated by vectors of
successive or non�successive values produced by linear congruential generators with
moduli of essentially unlimited sizes was derived by L�Ecuyer and Couture 
������
A modi�ed spectral test to analyze the independence of parallel streams of linear
pseudorandom number generators was proposed by MacLaren 
����� The latter
paper is the basis for ��� combined multiplicative LCGs implemented in the Nag
PVM Library �Chapter G	���

�The package ShortestVector�m and related Packages are available on the World�Wide�Web at
http���www�math�ruu�nl�people�vdkallen�kallen�html and http���random�mat�sbg�ac�at��
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	� WELL�KNOWN LCGS

In this section we present classical and recent LCGs that were implemented in
commercial software� used in applications� and some of which have extensively
been tested� Further references for these generators �including implementations�
empirical tests and lattice analysis� are given in 
Entacher ����a��

��� LCG����� ��	�������� ������ ������ is the generator employed by the ANSI C
rand�� function 
Park and Miller ��� Ripley ���	��

��� LCG���� � �� �� � ��	�� 	� �� was proposed by Lewis� Goodman� and Miller

������ Park and Miller 
��� suggested to use this LCG as a �minimal stan�
dard� generator� For implementations in commercial software and empirical
tests see the latter paper and 
Fishman ����� Dudewicz and Ralley ���� Rip�
ley ���	� L�Ecuyer ��� Vattulainen et al� ������

��� LCG���� � �� ��	��		��� 	� �� was proposed by Payne� Rabung� and Bogyo

����� and implemented in the SIMSCRIPT II simulation programming lan�
guage 
Fishman and Moore ���� Fishman ����� Ripley ���	� L�Ecuyer ����

��� LCG���� � �� ����	�	��� 	� �� is one of the best LCGs from a study of Hoaglin

����� and was for example implemented in the SAS and IMSL Lib� 
Fishman
and Moore �����

��� The LCG �a� LCG����� ��	��� 	� �� also implemented as �b� LCG����� ��	��� �� 	��
is called Super�Duper and was implemented on IBM computers �see 
Fishman
and Moore ���� Fishman ����� De Matteis and Pagnutti ������� The ver�
sion �b� for example is part of the VAX VMS�Library 
Ripley ���	� and was
implemented by the Convex Corp 
Vattulainen et al� ������

��� LCG����� ����������� �� 	� is implemented in the mathematical softwareDerive
�http���www�derive�com�� Note� that this generator performs a bad spectral
test in dimension � �see the table below�� The multiplier probably stems from
Knuth 
���� who considered a similar generator with modulus ����

��� LCG����� ��� � �	��������� ����	��	�� 	� was studied in 
Knuth ����� It
was implemented in the BCSLIB �Boeing Computer Services LIB� 
Anderson
���	�� The multiplicative version of this LCG was implemented in the pro�
gramming language SIMULA� A long range correlation analysis of this version
is given in 
De Matteis and Pagnutti ������

�� LCG����� ��� � ���	�	����� 	� �� 
Knuth ���� was implemented on Apple
computers 
Jennergren �����

��� The top �ve LCGs respectively modulus ������ ��� and �	
 from an exhaustive
study of 
Fishman and Moore ���� Fishman ���	� Fishman ������ We present
results of the following four examples which exhibited the worst subsequence
behavior� �a� LCG������� ��	�	����� 	� ��� �b� LCG����� ��������� 	� ��� �c�
LCG����� ������	��� 	� ��� �d� LCG��	
� �����			������� 	� ��

��	� LCG��	�� � ��� ���������	�� 	� �� is implemented in the mathematical soft�
ware Maple 
Karian and Goyal ������

���� LCG��	
� ������	����� ��� 	� is the ANSI C system generator drand�����

���� LCG��	
� �����	�����	�� 	� �� was implemented on CRAY systems �see 
An�
derson ���	� De Matteis and Pagnutti ����� De Matteis and Pagnutti ������
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and used in PASCLIB� a collection of utility subprograms that are callable from
PASCAL on CDC CYBER computers �see 
Fishman ���	���

���� LCG����� ����� 	� �������� � ���� � ��� is the basic generator for PRNGs in
many di�erent distributions implemented in the NAG Library 
The Numerical
Algorithms Group Limited ����� Sect� G	��� see also 
A�erbach and Gruber
����� Vattulainen et al� ������

���� LCGs from the studies 
L�Ecuyer ��� L�Ecuyer et al� ������ These generators
have been chosen according to their good lattice structure� We give results for
the LCGs �a� LCG����������� �		��� 	� ��� �b� LCG����������� �	���� 	� ��
�see also 
Fishman ������ and �c� LCG���� � ��� ��	�	���� 	� ���

�� BAD SUBSEQUENCES

In this section we present results of a spectral test analysis of full�period subse�
quences ��� with step sizes � � k � �			 for the LCGs above� Supplementing
results are available via internet 
Entacher et al� � Entacher ����b�� Consider a
mixed linear congruential generator LCG�m� a� b� 	� with maximal period T � For
this generator� the subsequence ��� is also produced by �see also 
Ripley ���	�
L�Ecuyer ������

LCG
�
m� ak �mod m�� b � a

k��
a�� �mod m�� b � a

i��
a�� �mod m�

�
� 	 � i � k � ��

For the multiplicative LCG�m� a� 	� ��� the corresponding LCG which produces the
subsequence ��� is given by

LCG�m� ak �mod m�� 	� ai �mod m��� 	 � i � k � ��

Note that the period of these subsequences equals T�gcd�k� T �� Even if one chooses
subsequences with maximal period T � the quality of these sequences may be signif�
icantly reduced�
In the tables below we present results of the normalized spectral test Ss in di�

mensions � � s �  for full period subsequence�LCGs generated from the LCGs
given in Section �� We give those results for step sizes � � k � �		 and i � 	
where at least one value is lower than 	��� and some mentionable results for step
sizes �	� � k � �			�

LCG k s � � � � � � � 	
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Note that spectral test results lower than 	�� did occur only for dimensions � �
s � �� The worst generators with respect to subsequence behavior are LCG ��
�a� �b� �c and �d� For these generators there exist �small� subsequences whose
spectral test results have the same order of magnitude as RANDU�s� The graphics
in Figure � show the lattice structures in dimension three for the subsequences of
the Fishman LCGs �b with k � �	� ��				 overlapping vectors in 
	� �
�� and for
LCG �d with k � ��� Note� that the second graphics shows a zoom into 
	� 	�			�
�

containing all overlapping vectors�
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Fig� �� The lattice structure of subsequences from LCG �b and �d in dim� three�

The LCGs �� ��� ��c show the �best� subsequence behavior� Weak full�period
subsequences for these generators occur only for �large� step sizes k� But if the
subsequence�LCGs do not have full�period� the underlying lattice structure can be
of reduced quality as well� We demonstrate this behavior using zooms into the unit
square� see Fig� ��

�� CONCLUSION

Many pseudorandom number generation methods are equivalent or closely equiva�
lent to LCGs or multiple recursive generators 
L�Ecuyer ����� L�Ecuyer and Couture
����� Tezuka et al� ����� Couture and L�Ecuyer ����� Couture and L�Ecuyer �����
Niederreiter ������ Hence� almost all pseudorandom number generators used in
simulations today are linear methods�
A disadvantage of many linear methods is their weakness with respect to subse�

quences� which restricts the use of these methods in parallel simulation�
We applied the spectral test to �nd small lags which result in bad subsequences

for many well�known LCGs� Our results underline the necessity to run a�priori tests�



	 � K� Entacher

whenever subsequences of a linear generator are used for a particular simulation
problem�
Finally� we want to note that inversive pseudorandom number generators guar�

antee the absence of lattice structures� see the surveys 
Eichenauer�Herrmann �����
Niederreiter ����� Hellekalek ����� L�Ecuyer ������ Especially explicit inversive
congruential PRNGs are very robust with respect to splitting their output into
subsequences� The splitting procedure is easy to handle� Inversive generators are
signi�cantly slower than LCGs 
Leeb and Wegenkittl ������ Nevertheless� the prop�
erties of these generators di�er substantially from those of LCGs and hence make
them an alternative choice to verify simulation results obtained by linear methods�

ACKNOWLEDGMENTS

The author wants to thank his colleagues of the pLab research group� especially the head of

the group Peter Hellekalek� and Otmar Lendl �his code made the production of the scatter plots

feasible� for their support� Many thanks to Wilberd van der Kallen from the University of Utrecht�

Netherlands for implementing the Fincke�Pohst algorithm in Mathematica�

REFERENCES

Afflerbach� L� and Gruber� G� ����� Assessment of random number generators in high
accuracy� In S� Morito� H� Sakasegawa� M� Fushimi� and K� Nakano Eds�� New Di�

rections in Simulation for Manufacturing and Communications ������� pp� �������� OR
Society of Japan�

Anderson� S� ����� Random number generators on vector supercomputers and other ad�
vanced architectures� SIAM Rev� ��� ��������

Couture� R� and L�Ecuyer� P� ����� Orbits and Lattices for Linear Random Number
Generators with Composite Moduli� Math� Comp� ��� ��������

Couture� R� and L�Ecuyer� P� ����� Distribution Properties of Multiply�with�Carry Ran�
dom Number Generators� Math� Comp� ��� ��������

Coveyou� R� and MacPherson� R� ����� Fourier analysis of uniform random number
generators� J� Assoc� Comput� Mach� ��� ��������

De Matteis� A� and Pagnutti� S� ����� Critical distances in pseudorandom sequences
generated with composite moduli� Intern� J� Computer Math� ��� ��������

De Matteis� A� and Pagnutti� S� ����� Controlling correlations in parallel Monte Carlo�
Parallel Comput� ��� ������

Dieter� U� ����� How to calculate shortest vectors in a lattice� Math� Comp� ��� ��������

Dudewicz� E� and Ralley� T� ����� The Handbook of Random Number Generation and

Testing With TESTRAND Computer Code� Volume � of American Series in Mathematical

and Management Sciences� American Sciences Press� Inc�� Columbus� Ohio�

Eichenauer�Herrmann� J� ����� Inversive congruential pseudorandom numbers� a tuto�
rial� Int� Statist� Rev� �	� ��������

Entacher� K� ����a� A collection of selected pseudorandom number generators with linear
structures� Technical Report ����� ACPC � Austrian Center for Parallel Computation�
University of Vienna� Austria� Available at� http���random�mat�sbg�ac�at��

Entacher� K� ����b� The plab Picturebook� Part III� Bad Subsequences of LCGs � The
Results� Report no� ��� pLab � reports� University of Salzburg� Available on the internet
at http���random�mat�sbg�ac�at�team��

Entacher� K�� Hellekalek� P�� Leeb� H�� Lendl� O�� and Wegenkittl� S� The plab www�
server� http���random�mat�sbg�ac�at� Also accessible via ftp�

Fishman� G� ����� Multiplicative congruential random number generators with modulus
�� � an exhaustive analysis for � � �� and a partial analysis for � � ��� Math� Comp� ���
��������



Bad subsequences of well�known LCGs � 


Fishman� G� ����� Monte Carlo� Concepts� Algorithms� and Applications� Volume � of

Springer Series in Operations Research� Springer� New York�

Fishman� G� and Moore� L� ����� An exhaustive analysis of multiplicative congruential
random number generators with modulus ��� � �� SIAM J� Sci� Statist� Comput� 
� ������
See erratum� ibid�� 
������ �����

Hellekalek� P� ����� Inversive pseudorandom number generators� In C� Alexopoulos

and D� G� K� Kang� W�R� Lilegdon Eds�� Proceedings of the ���� Winter Simulation

Conference �������

Hoaglin� D� ����� Theoretical Properties of Congruential Random�Number Generators�

An Empirical View� Memorandum NS����� Harvard University� Department of Statistics�

Jennergren� L� ����� Another method for random number generation on microcomputers�
Simulation �� � ���

Karian� Z� and Goyal� R� ����� Random number generation and testing� Technical Re�
port �� Maple Technical Newsletter� Birkh�auser Verlag� Switzerland�

Knuth� D� ����� The Art of Computer Programming ��nd ed��� Volume �� Seminumerical
Algorithms� Addison�Wesley� Reading� MA�

L�Ecuyer� P� ����� Ecient and portable combined random number generators� Comm�
ACM ��� ������� and ����

L�Ecuyer� P� ����� Uniform random number generation� Ann� Oper� Res� ��� �������

L�Ecuyer� P� ����� Combined Multiple Recursive RandomNumber Generators�Operations
Research ��� ��������

L�Ecuyer� P� ����� Bad Lattice Structures for Vectors of Non�Successive Values Produced
by Some Linear Recurrences� INFORMS Journal on Computing �� ������

L�Ecuyer� P� ����� Tables of Linear Congruential Generators of Di�erent Sizes and Good
Lattice Structure� Mathematics of Computation� to appear �

L�Ecuyer� P�� Blouin� F�� and Couture� R� ����� A Search for Good Multiple Recursive
Generators� ACM Transactions on Modeling and Computer Simulation �� ������

L�Ecuyer� P� and Couture� R� ����� An Implementation of the Lattice and Spectral
Tests for Multiple Recursive Linear Random Number Generators� INFORMS Journal on

Computing� �� �� ��������

Leeb� H� and Wegenkittl� S� ����� Inversive and linear congruential pseudorandom num�
ber generators in selected empirical tests� ACM Transactions on Modeling and Computer

Simulation 
� �� ��������

Lewis� P�� Goodman� A�� and Miller� J� ����� A pseudo�random number generator for
the System����� IBM Syst� J� � � ��������

MacLaren� N� ����� The Generation of Multiple Independent Sequences of Pseudorandom
Numbers� Appl� Statist� ��� ��������

Niederreiter� H� ����� New developments in uniform pseudorandom number and vector
generation� In H� Niederreiter and P� Jau�Shyong Shiue Eds�� Monte Carlo and Quasi�

Monte Carlo Methods in Scienti	c Computing� Volume ��� of Lecture Notes in Statistics

������� Springer�

Park� S� and Miller� K� ����� Random number generators� good ones are hard to �nd�
Comm� ACM ��� ����������

Payne� W�� Rabung� J�� and Bogyo� T� ����� Coding the lehmer pseudo�random number
generator� Communications of the ACM �� � ������

Ripley� B� ����� Thoughts on pseudorandom number generators� J� Comput� Appl�

Math� ��� ��������

Tezuka� S�� L�Ecuyer� P�� and Couture� R� ����� On Add�with�Carry and Subtract�
with�Borrow Random Number Generators� ACM Transactions on Modeling and Computer

Simulation �� ��������

The Numerical Algorithms Group Limited� ����� The NAG Fortran Library Manual� Mark

�� �� ed��� The Numerical Algorithms Group Limited�

Vattulainen� I�� Kankaala� K�� Saarinen� J�� and Ala�Nissila� T� ����� A comparative
study of some pseudorandom number generators� Comp� Phys� Comm� ��� ��������



�� � K� Entacher

0 0.0005
0

0.0005

0 0.0005
0

0.0005

LCG � LCG � subsequence with k � ��

0 0.0000014
0

0.0000014

0 0.0000014
0

0.0000014

LCG �� LCG �� subsequence with k � ��

0 0.00000001
0

0.00000001

0 0.00000001
0

0.00000001

LCG ��c LCG ��c subsequence with k � ��

Fig� �� Subsequences with reduced quality for LCG �� �� and ��c


